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Introduction

A LTHOUGH unstructured grids for turbomachinery computa-
tional � uid dynamics (CFD)1 can handle geometries of arbi-

trary complexity, most turbomachinery blading can be adequately
meshed using structured multiblock strategies,2,3 which offer algo-
rithmic simplicity and are well adapted to ef� cient implicit Navier–
Stokessolvers.3 Invariably,three-dimensionalturbomachinerygrids
are obtained by stacking two-dimensional blade-to-blade grids,2

which are generated using algebraic and/or elliptic procedures.2

The basic elliptic procedure of Thompson et al.4 imposes orthogo-
nality on grid boundariesbut does not control the distributionof the
grid points on the boundaries. Steger and Sorenson5 extended this
techniqueby using Poisson equations with suitably adjusted source
terms, allowing control of both grid spacing and orthogonality at
the boundaries.Basson et al.2 state that “the amount of control that
can be obtained by the source terms is inadequate for cascade grids
with thick leading- and trailing-edges.” Another technique used in
this paper, which has not yet been exploited for turbomachinery
applications, is based on the solution of a biharmonic equation.6,7

Because the biharmonic equation is a fourth-order partial differ-
ential equation, admitting combined Dirichlet and von Neumann
boundary conditions, both positions and slopes are controlled at
the boundaries, thus obtaining high-quality orthogonal grids (grid
points on the pitchwise boundariesbetween channels coincide) in a
quite straightforwardway.

The computational domain is separated in three blocks, corre-
sponding to a basic H¡O¡H grid.3 The O block around the blade
may contain subdomains to accurately resolve tip-clearance gaps.
The Nk nodes in the radial direction (k wise) are stretched near the
hub ( 1

3
Nk ) and near the casing ( 1

3
Nk ). The stretching is geometric

with ratio rk . The remaining 1
3
Nk nodes are equally distributed in

between. Using the nomenclature of the Appendix,

R(k) D RHUB C lgs(k, RCASING ¡ RHUB, Nk , 1
3
Nk , rk , 1

3
Nk , rk )

Finally, it is indispensable to correctly mesh the tip-clearance
region, eventually present in rotors (at the casing) or in stators (at
the hub).2,3 Inside the tip-clearancegap, an O-type grid is used, also
generated biharmonically. The tip-clearance grid is stretched both
at the blade tip and at the casing (rotors), or the hub (stators).
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Blade-to-Blade Surface Grid
The blade-to-blade surface grid generation procedure is illus-

trated for a turbine cascade.8 Let (x, R, h ) be a cylindrical coordi-
nate’s system, with ex being the engine axis. On each k D const
surface (Fig. 1), a two-dimensional blade-to-blade plane is de-
� ned by the projection [ Ox D x , Oy D ¡RLTE (k)h ], where RLTE(k) D
1
2 [RLE(k) C RTE(k)] is a mean radius of the surface (average of
leading- and trailing-edgeradii). The leading edge (LE) and trailing
edge (TE) on the blade (Fig. 1) are de� ned by prescribingthe curvi-
lineardistance from the xmin and xmax locationson the blade section.
(This distance is given as a fraction of axial chord v x D xmax ¡ xmin:
sLE D SPLE v x and sTE D SPTE v x ; it is positive toward the lower sur-
face and negative toward the upper surface.) These points (LE and
TE) separate the upper surface (¢)¡ and the lower surface (¢)C:
h ¡(x) · h C(x ) 8x 2 (xmin , xmax ).

There is the same number N§ of grid points on the upper (¡) and
on the lower (C) surface (correspondingto Ni D 2N§ ¡ 1 points on
theblade), stretchednear theLE ( 1

3
N§ pointswith ratioriLE

) andnear
the TE ( 1

3
N§ points with ratio riLE ), with 1

3
N§ points equidistant in

curvilinear length in between (Fig. 1). The curvilinear coordinates
are s§(n)D lgs(n, L§ , N§, 1

3
N§, riLE , 1

3
N§, riTE ), where lgs is given

in the Appendix, L¡ is the curvilinear length of the upper surface,
and LC is the curvilinear length of the lower surface [point LE
corresponds to s§(1)D 0].

There are Ni pointson the outer ( j D N j ) boundary,with Nu (Nd )
points on the upstream (downstream) boundary, at an axial distance
dxu (dxd ) from the xmin (xmax ) point (Fig. 1). The periodic part of
the j D N j boundary is at middistance between adjacent blades for
xmin C XPLE v x · x · xmin C XPTE v x , and extends upstream (down-
stream) by parabolas perpendicular to the upstream (downstream)
boundary.The choiceof XPLE and XPTE de� nes the h positionof the
upstream and downstreamparts of the j D N j boundary.The points
on the periodic part of the j D N j boundary coincide between adja-
cent channels. They are distributedbetween the upstream boundary
iu1,2

(Fig. 1) and the downstream boundary id1,2 , using geometric
stretching ( 1

3
of the id2 ¡ iu2 C 1 D iu1 ¡ id1 C 1 points with ratio ru

upstream, and 1
3

of the points with ratio rd downstream).
The correspondence between the j D N j boundary points and

the j D 1 boundary points is establishedby the choice of two corre-
spondingpoints [l¡ 2 (1, N§) on the upper surfacewith lC 2 (1, N§ )
on the lower surface, l being the point index from LE on each sur-
face]. This choice greatly in� uences grid quality.

Biharmonic Solver
After de� ning the boundarypoints ( OxB , OyB ), at j D 1 andat j D N j

(Fig. 1), the blade-to-bladesurfacegrid is generatedbiharmonically.
The coordinates n and g alonggrid linesarede� ned in the interval[0,
1] [n D (i ¡ 1)/ (Ni ¡1), g D ( j ¡ 1)/ (N j ¡ 1)]. The grid lines are
the solutionof the biharmonicequationin the ( Ox , Oy) space 2D [with
Laplacian operator r2(¢)D ¶ 2(¢)/ ¶ Ox2 C ¶ 2(¢)/ ¶ Oy2], with boundary
conditions of position and orthogonality at the boundary ¶ 2D

of 2D:

r4 n D 0, r4 g D 0 8 ( Ox , Oy)T 2 2D

( Ox , Oy)T D ( OxB , OyB )T 8 ( Ox , Oy)T 2 ¶ 2D, eg ¢ nB D 0 (1)

n D 0, 1, en ¢ nB D 0, g D 0, 1
476
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Fig. 1 Parameters for biharmonic blade-to-blade grid of a turbine cascade.8

where nB is the unit normal on the boundary,and e n (eg ) theunit vec-
tor n wise ( g wise). It is simpler7 to solve this fourth-orderproblem
[Eq. (1)] as two coupled second-orderproblems,

r2 n D Q n , r2 Q n D 0, r2 g D Q g

(2)
r2 Q g D 0 8 [ Ox , Oy]T 2 2D

with boundary conditions

( Ox , Oy)T D ( OxB , OyB )T 8( Ox , Oy)T 2 ¶ 2D

Q g D r2 g ¡ 10n0
¶ g

¶ nB
, n D 0, 1 (3)

Q n D r2 n ¡ 10n0
¶ n

¶ n B
, g D 0, 1

This is equivalent,as clearlystated by Sparis,6 “to iterativelyadjust-
ing the sourceterm in thePoissonequationto controlsimultaneously
the mesh density and the skewness at the boundary surfaces.” The
orthogonalityboundaryconditionsare now appliednumerically us-
ing an adjustable constant 10n0 (for turbomachinery applications
n0 D 3–7 with Ox and Oy in meters).7

The resulting system of equations can be inverted to use n and g
as independentvariables by using the inverted Laplacian operator4:

(¢) D

"
¶ Ox
¶ g

2

C
¶ Oy
¶ g

2
#

¶ 2(¢)
¶ n 2

¡ 2
¶ Ox
¶ n

¶ Ox
¶ g

C
¶ Oy
¶ n

¶ Oy
¶ g

¶ 2(¢)
¶ n ¶ g

C

"
¶ Ox
¶ n

2

C
¶ Oy
¶ n

2
#

¶ 2(¢)
¶ g 2

(4)

The resulting system [with boundary conditions given by Eqs. (3)]
is7

0

BB@

2

664

Ox
Oy

Q n

Q g

3

775

1

CCA D ¡J 2

2

6666664

Q n

¶ Ox
¶ n

C Q g

¶ Ox
¶ g

Q n

¶ Oy
¶ n

C Q g

¶ Oy
¶ g

0

0

3

7777775 (5)

J D
¶ Ox
¶ n

¶ Oy
¶ g

¡
¶ Oy
¶ n

¶ Ox
¶ g

, 8 n 2 ]0, 1[I 8 g 2 ]0, 1[

Q n D r2 n D
1
J

¶ Oy
¶ g

( Ox) ¡
¶ Ox
¶ g

( Oy)

(6)
Q g D r2 g D ¡ 1

J

¶ Oy
¶ n

( Ox) ¡
¶ Ox
¶ n

( Oy)

8 n 2 ]0, 1[I 8g 2 ]0, 1[

and is solved iteratively by successive underrelaxation (with fac-
tor 1

2 ; for turbomachinery applications 500–1000 iterations are
needed).

The blade-to-blade O grid (Fig. 1) contains four corners at the
j D N j boundary (points id1 , iu1 , iu2 , id2

), where the normal to
the boundary nB is not uniquely de� ned. The orthogonality con-
dition is not applied in the neighborhood of these points (ji ¡ id1 j,
ji ¡ iu1 j, ji ¡ iu2 j, ji ¡ id2 j D 0, 1, 2, 3, 4). The i D 1, Ni boundary
points are treated as internal points exploiting O-grid periodicity.

After the end of the biharmonic solver iterations, the grid
points are stretched geometrically j wise along i D const lines
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( 1
2
N j points near the blade with ratio r j , and the remaining 1

2
N j

points are equidistant). Using the nomenclature of the Appendix,
the curvilinear coordinate along an i D const line of length L is
s( j ) D lgs( jI L , N j ,

1
2
N j , r j , 1, 1). Stretching is done by piecewise

quintic interpolationof i -wise curvilinear coordinateson the initial
biharmonicgrid. This correspondsto rede� ning the j D const lines,
and preserves orthogonality.

Tip-Clearance Grid
The NkTC points in the radial direction within the gap (Fig. 2) are

stretched at the casing ( 1
2
NkTC ) and at the blade tip ( 1

2
NkTC ), with

ratio rkTC [RTC(kTC) D RTIP C lgs(kTC; RCASING ¡ RTIP, NkTC , 1
2
NkTC ,

rkTC , 1
2
NkTC , rkTC ), with lgs de� ned in the Appendix]. On each

radial surface, the tip-clearance (TC) gap is discretized using
a biharmonically generated O-type grid, whose innermost line
( jTC D 1) collapses into a curve, lying on the pro� le camber-
line. The camberline passes from the LE and TE points (Fig. 1),
and is de� ned approximately as a pointwise average between
the upper and lower surface fxC (n) D 1

2 [x¡(n) C xC(n)]; h C (n)D
1
2 [h ¡(n) C h C(n)]; n D 1, . . . , N§g. The TC grid (Fig. 2) has sin-
gular triple points, STPLE at the leading edge (iLE ¡ 1, iLE , iLE C 1
at jTC D 1) and STPTE at the trailing edge (iTE ¡ 1, iTE, iTE C 1 at
jTC D 1). Point STPLE D (iLE , 1) is on the camberlineat a curvilinear
distance from point LE D (iLE, N jTC ) equal to the average curvilin-
ear distanceon the blade surface between pointLE and its neighbors
(iLE § 1, N jTC ) (Fig. 2). Denoting sC as the curvilinear coordinate
along the camberline [sC (LE) D 0] and s§ as the curvilinear coordi-
nates along the upper (¡) and lower (C) surfaces [s§(LE)D 0],

sC (STPLE) D 1
2

s¡ iLE C 1, N jTC C sC iLE ¡ 1, N jTC

LC ¡ sC (STPTE ) D 1
2

L¡ ¡ s¡ iTE ¡ 1, N jTC C LC (7)

¡ sC iTE C 1, N jTC

Fig. 2 Typical tip-clearance grid of a transonic compressor rotor.

Fig. 3 Detail from Fig. 2, showing the matching of the tip-clearance
(TC) grid with the external grid (O) of a transonic compressor rotor,3

using a patched grid (OZ).

where LC , L¡ , and LC are the curvilinearlengths of the camberline,
the upper surface, and the lower surface, respectively.The points on
the jTC D 1 line (portion of the camberline joining the two singular
points) are stretched near the singular points in the same way as the
points on the blade surface are stretched at the leading and trailing
edge. The i -wise distributionof points on the outer boundary(blade
surface) is the one used for the blade O grid. After the biharmonic
generation of the tip-clearancegrid, the N jTC points from the blade
camberline to the external O grid are geometrically stretched, with
j -wise grid-size matching at the TC–O boundary (there are 2N jTC

points across the blade within the gap).
The iTC D const surfaces of the TC grid coincide with the

iO D const surfaces of the O grid (NiTC ´ NiO ), but the two grids
have different radial (k-wise) distributions(Fig. 3), because the TC
grid is stretched both at the casing and at the blade tip, whereas
the O grid is stretched only at the casing. This original technique
was introduced to render the blade O grid independent of the exact
position of the blade tip,3 and to apply grid clustering at the blade
tip only in the neighborhoodof the blade (Fig. 3).

The tip-clearance � ow that leaves the blade tip forms a jetlike
structure that interacts with the interblade � ow� eld.9 To capture
this structure correctly, a patched O-zoom (OZ) grid was intro-
duced (Fig. 3). This OZ grid spans radially from the casing to a
given radial depth d OZ beneath it. The iOZ D const surfaces and the
jOZ D const surfaces of the OZ grid coincide with the iO D const
and the jO D const surfaces of the O grid. In the radial direction,
the OZ-grid points coincide with the TC-grid points at the TC–OZ
boundary. Denoting RTC(kTC ) as the NkTC radial surfaces of the TC
grid and ROZ(kOZ ) as the NkOZ radial surfaces of the OZ grid,

ROZ(kOZ) D RTC kTC D kOZ C NkTC ¡ NkOZ

(8)
kOZ D NkOZ ¡ NkTC C 1, . . . , NkOZ

The OZ-gridpointsare stretchedbeneaththebladetipuntilanO-grid
radial surface kO D kO¡OZ, where the OZ-grid points coincide with
the O-grid points. Denoting RO(kO) as the NkO radial surfacesof the
O grid,

ROZ(kOZ) D RTIP ¡ [RTC(2) ¡ RTC(1)]
r
(NkOZ ¡ NkTC ¡ kOZ)
OZ ¡ 1

rOZ ¡ 1
(9)

kOZ D 1, . . . , NkOZ ¡ NkTC

where rOZ is computed to give the correct distance RTIP ¡
RO(kO¡OZ).
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Conclusions
In the present work, a methodology for three-dimensionalstruc-

tured multiblock grid generation in axial turbomachinery was pre-
sented. There is a main O grid around each blade, constructed by
stacking two-dimensionalblade-to-bladesurface O grids generated
biharmonically.Only a few user-de� ned parameters are needed for
generating the blade-to-blade surface O grids, and experience has
shown that the choice of these parameters is a quite straightforward
task. Biharmonic grid generation (r4 n D 0, r4 g D 0) has the deci-
sive advantageover elliptic grid generation (r2 n D Q n , r2 g D Q g )
in that it allows automatic controlof both positionand orthogonality
at the boundaries.The numerical implementation used (r2 n D Q n ,
r2 Q n D 0; r2 g D Q g , r2 Q g D 0) clearly shows that biharmonic
grid generation computes the source terms Q n and Q g , which are
user-de�ned in Poissongridgeneration.The biharmonicsolvergives
a quasiorthogonal initial grid that is not yet re� ned near the solid
walls. Stretching to accurately resolve boundary layers is obtained
by interpolatingpoints on computed grid lines.

Tip-clearance gaps are meshed using O-type grids, generated bi-
harmonically.The radial surfacesof the main blade-to-bladesurface
O grid are stretched near the casing and the hub. The clearance-gap
TC grid is stretchedboth at the casing and at the blade tip. The radial
distribution of the TC grid is independent of the radial distribution
of the O grid. A buffer OZ grid that overlaps with the O grid, and
that is stretched both at the casing and at the blade tip, is used to
accurately resolve the � ow coming over the tip.

The method is quite robust and provides good-quality structured
grids. It has been applied to the computationof various compressor
and turbinecon� gurationsusinga three-dimensionalNavier–Stokes
solver with multiequation turbulenceclosures.3,9 In the case of sta-
tors with clearance gap at the hub, grid generation is done in an
exactly analogous way.

Appendix: Geometric Stretching
The geometric stretching used stretches N1 of the N points near

the starting location [s1 D s(1)D 0] with ratio r1, stretches N2 points
near the � nal location [s2 D s(N ) D L] with ratio r2, and places
N ¡ N1 ¡ N2 equidistant points in between:

lgs(n, L , N , N1 , r1 , N2 , r2) D

8

<
s(1) C rn ¡ 1

1
¡1

r1¡1
hr¡(N1 ¡ 2)

1 , n D 2, . . . , N1

s(N1) C (n ¡ N1)h, n D N1 C 1, . . . , N ¡ N2 C 1

s(N ¡ N2 C 1) C
r ¡(n ¡ N C N2 ¡ 1)

2 ¡ 1

r¡1
2 ¡ 1

h, n D N ¡ N2 C 2, . . . , N

(A1)

h D L

"
N ¡ N1 ¡ N2 C 1 C

r¡(N1 ¡ 1)
1 ¡ 1

r¡1
1 ¡ 1

C
r¡(N2 ¡ 1)

2 ¡ 1

r¡1
2 ¡ 1

#¡1

(A2)
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Adaptive Analysis of Oscillating
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Introduction

I N recentyears,a numberofEuler1,2 andNavier–Stokes3,4 solvers
have been presented to simulate the blade vibration problems.

Wolff and Fleeter1 applied the Fourier series lagged boundary con-
dition treatment on an expanded grid along the periodic boundary.
Hwang and Yang2 presented a rigid-deformable dynamic mesh al-
gorithm to investigatetransonic � ows around an oscillatingcascade
of four blades. On a multipassagecomputationalmesh,3 the explicit
four-stage Runge–Kutta scheme and the Baldwin–Lomax mixing-
length turbulencemodel were adopted.The calculationshowed that
there was a more apparent mesh dependence of the results in the
regions of � ow separation. Within a composite grid where a de-
forming C-grid was embedded in an H-grid, a coupled inviscid/

viscous model4 was implemented to incorporate the inverse inte-
gral boundary-layersolutionand the time-marchingNPHASE anal-
ysis. The purpose of this work is to present a solution-adaptive
solver to investigate the transonic oscillating cascade � ows on a
quadrilateral– triangular mesh. The Euler equations with moving
domain effects are solved in the Cartesian coordinate. This solver
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